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1 Introduction 

The nilpotent theories of many algebras attract more and more attentions. For example: 
In [SldSlEH], the authors study nilpotent Leibniz n-algebras, nilpotent Lie and Leibniz 
O ! algebras, nilpotent n-Lie algebras, respectively; D. W. Barnes discusses Engel subalgebras 

of Leibniz algebras in [I], and so on. In 2010, the concept of n-Lie superalgebras was 
introduced by Cantarini, N. and Kac V. G. in [6]. n-Lie superalgebras are generalization 
of n-Lie algebras. As the structural properties of n-Lie superalgebras mostly remains 
unexplored and motivated by the investigation on Engel's theorem and nilpotentcy of n- 
Lie algebras [31[51IWT2"|[T4"] and Lebniz n-algebras [T|I5HTI[1~T] , it is natural to ask about the 
extension of these properties to the n-Lie superalgebras category. As is well known, for n- 
Lie algebras and Leibniz n-algebras, Engel's theorem and nilpotentcy play a predominant 
role in Lie theory. Analogously, Engel's Theorem and nilpotentcy for n-Lie superalgebras 
will also play an important role in Lie theory. 

The goal of the present paper is to study Engel's theorem and nilpotentcy for n- 
Lie superalgebras. We first prove Engel's theorem for n-Lie superalgebras, which will 
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generalize Engel's theorems for n-Lie algebras and Lie super algebras, then we research 
some properties of nilpotent n-Lie super algebras, moreover, we give several sufficient 
conditions that an n-Lie superalgebra is nilpotent. 

Definition 1.1. |6J An n-Lie superalgebra is an anti- commutative n- superalgebra A of 
parity a, such that all endomorphisms D(a\, • ■ ■ , a n -i) of A(a%, • • • , a n _i G A), defined 
by 

D(ai, • • • , a n _i)(a n ) = [a 1; • • • , a n _i, a n ], 

are derivations of A, i.e., the following Filippov- J acobi identity holds: 

[a x ,--- ,o»_i, [6i,-.. ,b n \\ = (-l) a(pM+ --- +p(an - l) \[[ax,---,a n ^b 1 ]Mr--X} 
+( _ 1)P (6 1 )( P (a l)+ -+ P (a„- 1 )) [6lj [ 0l; . . . ; an _ 1; 63], 63, . . . , 6 n ] + • • • 

+ (_ 1 )(P(61)+-+P(6n-I))(p(ai)+-+P(a„_ 1 )) [6ij . . . ? ^ [^ . . . ? ^^ ^fl). 

n 

From the above definition, we may see that p([a\, ■ ■ ■ ,a n ]) = a + J2p( a i) an d 

[a u --- ,a i7 a i+1 ,--- ,a n ] = -(-lfW*+i)[ fll) ... ,a i+1} a i7 ■-■ ,a n ],\/ai e A(l < i < n), 
where p([a\, ■ ■ • ,a n ]) and p(ai) denote the degrees of [01, • • • ,a n ] and a^, respectively. 
Moreover, since n-Lie superalgebra A is related to a, it is also denoted by (A, a). 

Analogous to n-Lie algebras( [12j), we have the following definition: 

Definition 1.2. Let A = Aq © A\ be an n-Lie superalgebra and I be a subspace of A. 

(i) / is called a vector superspace, if I = IqQ) I\, where Iq = I fl Aq, I\ = I fl A\\ 

(ii) A vector superspace I C A is called a subalgebra, if [1,1,- ■ ■ , /, I] C /; 

(iii) A vector superspace I C A is called an ideal(I < Aj ; if [A, A, ■ ■ ■ , A, I] C J; 

(iv) ^4 vector superspace I C A is called a weak ideal, if [A, I, ■ ■ ■ , J, I] C /; 

(v) yln zdea/ / is called abelian, if [A, A, ■ ■ ■ , A, I, I] = 0; 

(vi) An ideal I of an algebra A is called nilpotent, if I v = for some v > 0, where 
I X = I,I S+1 = [A--- 7 A,I 7 I S ]. 

In sequel, Let ¥ be an arbitrary field and A be a finite dimensional n-Lie superalgebra 
over a field ¥. 

2 Engel's theorem of n-Lie superalgebras 

Definition 2.1. Let A = Aq © A\ be an n-Lie superalgebra over a field F. A vector 
superspace V over ¥ is called an A-module if there is defined on the direct sum of vector 
space V © A = B the structure of an n-Lie superalgebra such that A is a subalgebra of B 
and V is an abelian ideal of B. 

Definition 2.2. Let A — Aq@ A\ be a vector superspace over a field ¥ and (A, a) be an n- 

n-l 



Lie superalgebra over¥. We define a multilinear mapping p : A x<Jl ^ = AxAx---xA^- 



EndV, (xi,x 2 , • ■ ■ , x n -i) l_ > p(xi, • • ■ , x n _i). T/ien p is called a representation and V is 
called an A-module, if the following relations are satisfied: 

(1) p(ai, • • • , Oi, Oi+i, • • • , On_i) = -(-l) p(ai)p(ai+l) p(ai, • • • , Oi+i, Oj, • • • , O n _i), Oj G A. 

(2.1) 

n-l l_1 

(2)p(6)p(o) = (-l)^^ +Q V(a)p(6)+^(-l) P6) -^ (aJ +a) p(ai,--- ,£>(&)(*),••• .a^O, 

(2.2) 
w/iere a = (ai, ■ • • , a n -i), 6 = (&i, • • • , & n -i), a*, &i e A- 



(2.3) 



(3)p(tti, • ■ ■ , a n _ 2 , [6i, • ■ ■ , 6 n ])(c) = J^ *iP( 6 l» • ■ • > &i, • • • , MP(°1> ■ ■ • > a n~2, &i)( c )> 

i=l 

n n 

p(«)( E P(6j))+(p(6i)+a)( E p(M) , , , , , 

■where \ = ( — l) n ~*(— 1) j=w« j'=<+i (_]_Wp(ai)+p(a2)+-"+p(a„_ 2 )) 

n-2 

P( a ) = X] P( a «)) ^i denotes bi is omitted, and a,i,bi,c G A. 
t=i 

n-l 

(4)p(a)(V r e ) C Ve +/ 3, w/jere a = (ai, • • • , a n _i), G Z 2 , /3 = p(a) = Yl P( a i), a i £ -4- 

Remark 2.3. Definition al. .21 is equivalent to Definition 12.11 Definition 12.21 can conclude 
Definition 12.11 In /act, /et p be a representation of A and V be an A-module. Then p is 
a linear transformation on V. We can define on the direct sum of linear spaces V @ A a 
skew- super- symmetric n-ary operator: 

[Xx,--- ,X n -2,Vi,V 2 ] := 0, [&!,■•• ,& n _i,v] = /t)(Xi, • • • ,£ n _i)(v) G V, 

w/iere x 1; • • • ,x n _ 2 G A,ui,u 2 ,u G V. Forx 1; --- ,x n _i,yi, • • • ,y n _i ei,"^, by flU]), 
we /iai>e 

[xi,-.. ,*n-i,|j/i,-" ,W»-i,t;]] = p(x)p(y)(T;) = (-l)^^ + "V(y)p(z)W 

n-l '- 1 

X—v P(#)( E P«/i)+°0 

+ 2J-1) ^ =1 p(yw- ,D(x)(y i ),---,y n „ 1 )(v) 

i=l 

= (-iy^W +a \ yi , ■ ■ ■ ,y n _ u [an, • • • ,a^i,t;]] 
+ (-l) p(x)a [[»i,--- ,x n - 1 ,y 1 },y 2 ,--- ,y n -i,v] 

+ (-l) P ^ M+a) [yi,[xi,--- ,Xn-l,V2],y 3 ,--- ,Vn-l,v] 

+( _ 1)P WW tt )+ P (v 2 )+«)[ 2/l)2/2j [, 1) ... ,x B _i,y 3 ],y4,--- ,y n -i,v] 

+ . . . + (_l)P(*)(^i)+---+P(?M- 2 )+")[ yi5 . . . ;2/n _ 2) [ Xl) . . . , 3 ; n . 1)!/ll . 1 ] ) „] 

= (-l) p(x)a ([[xi, • ■ ■ x n _i, yi], 2/2, ■ ■ • , 2/n-l, u] 

H-iy^^iyiAx!,--- ,x n ^,y 2 },y 3 ,--- ,y n - x ,v] 

H-l) p{x)(p{m)+p{v2)) [yi,y2,[xi,--- ,x n ^,y 3 ],y 4 ,--- ,y n ^,v] 

+ ... + { - 1 y(*)b>M+-+p(yn-2)) [yu . . . 5 yn ^ [ Xlj . . . ? Xn _ 1; ^ v] 



+ (-l)P(')^)[y 1 ,...,3/ ft _ 1 ,[xi,..-,x n „ 1 ,v]]), 

n— 1 n— 1 

where p(x) = ^ p{xi),p(y) = ^2 p(yi), that is, the above formula satisfies Filippov-Jacobi 

i=\ i=l 

identity. Hence V ® A is an n-Lie superalgebra on the above operator such that A is a 
subalgebra of V © A and V is an abelian ideal of V © A. 

Definition ^. W ean also conclude Definition al. 21 In fact, for any oi, • • • , a n _i £ A, i/iere 
zs a corresponding linear transformation p(ai, ■ ■ ■ , a n _i) o/ V, where p(a±, ■ ■ ■ , a n _i)(t>) = 
[oi, • • • ,a n -i,v]. Then the operators p(a) satisfy the formulas (12.11) . (I2.2p and (12. 3p . In 
/act, it is clear that (12. ip holds. 

p{b)p{a)(c) = [&!, • • • , 6„_i, [oi, • • • , a n _i, c]] 
= (-l)°»W{[[6 1 ,... ,6„-i,aiU2,---,an-i,c] 

+(-l) p(6)Wai)+p( ° 2)) [a 1 ,a 2 , [&!,••• ,6 n -i,a 3 ],a4,--- ,a n _i,c] 

+ . . . + (_l)P(b)(P(«l)+--H»(«n- a ))[ ai7 . . . 5 fln _ 25 [ 6l? . . . ^ ^^ an _ l]; c ] 
+ ( _ 1) p(6)( P (a 1 )+-+p(a n -i)) [ai) ... 5 a n _ 1? [ fol5 ... ,&„_!, C ]]} 

= (-l)^>( J D(6)(a 1 ),a 2 ,---,a n _ 1 )(c) 

+ (-l) p(b)(p(ai)+Q) p(ai,^(&)(a 2 ),a 3 ,---,a n _ 1 )(c) 

+ ( _ 1)pW ( P (a 1 )+p(a 2 ) +Q)p(ai5 fl25 D ( 6 )( a3 ) ? a4; . . . , an _ l)(c ) 

+ . . . + (_l)PW(p(a 1 )+-+PK- 2 )+a) p ( ai) . . . ; an _ 2) D(6)(o n _ 1 ))(c) 

+(-l) p(6)(p(o)+a V(o)p(fe)(c) 

n-1 i_1 

= {-iy mp{a)+a) P {a)p{b){c) + ^(-1) P - 1 " ' ! '" a P (a u ■ • • , Z>(&)(a,), • - • , a n ^)(c), 
where D(b) = D(b\, • • • , & n _i), ^ot is, (12. 2p /ioWs. 

( _ 1)a ( P (a 1 )+ P (a 2 ) + ... +P (a„_ 2 ) +P ( C )) p(ai5 . . . ^ ^^ ^ . . . ? ^^ 

= ( _ 1) a(p(a 1 )+p(a 2 ) + ...+ P (a n _ 2 )+p(c)) [ai) . . . ? ^^ ^ . . . ? ^ c ] 

= (_ 1 )a(p(a 1 )+p(a 2 )+...+ P K- 2 )+P(c))(_(_ 1 )p(c)(p(6i)+-+p(bn)+a)[ 0l) . . . ? ^^ c> [^ . . . ^J]) 

= _ ( _ 1)P (c)(p(b 1 )+-+p( 6 „)+a) {[[oi) ... )an _ 2)C)6l])62; ... |6r ] 

+ ( _ 1)P (6 1 )(p(a 1 )+-+p(a, l - 2 ) + p(c)) [6i) [fli) . . . ; fln _ 2; C; ^ 6gj . . . ; fon] 

+ . . . + (_l)(p(6i)+-+P(6n-l))(p(ai)+-+p(a„- a )+p(c)) [6i) . . . ? ^ [^ . . . ? ^^ c? ^ 

_ _C_2~\p(c)(p(6i)+-+p(6»)+a) (r^\n+(p(ai)+---+p(a n -2)+p(c)+p(bi)+a)(p(b 2 )+-'-+p(bn))+p(bi)p(c) 

.[62, •• " A, [ a ir •• ,On-2,&l,c]] 

_|_(_^ , ) n - 1 +P( b l)(p( l)H hp(an- 2 )+p(c))+(p(ai)H hp(an- 2 )+p(c)+p(6 2 )+a)(p(b3)H hp(6n))+p(b 2 )p(c) 

•[&1,&3, •• • ,K, [Ol, ••• , On-2, &2,C]] 

_| . _|_ ( , _]_ , \l+(p(bi)+---+p(6n-i))(p(ai)+---+p(an- 2 )+p(c))+p(6„)p(c) 

• [oi; • • • , b n -i, [ax, • • • , a n _2, 6 n , c]]} 

= C_n™+l+ap(c)+(p(ai)+-+PK- 2 ))(p(b 2 )+-+p(6n))+(p(bi)+a)(p(b 2 )+---+p(bn)) 



■p{h, ■ ■ ■ , b n )p{ai, ■ - • , a n -2, 6i)(c) 

_^{_l\-n+a P (c)+(p(a 1 )+-+ P (a n .2))(p(bi)+ P (b 3 )+---+ P (b n ))+(p(b 2 )+a)(p(b 3 )+---+p(b n )) 

.p(6i, 6 3 , • • • , b n )p(a 1 , ■ ■ • , a n _ 2 , 62) (c) 

_J_('_l) n - 1 + a P( C ) + (P( a l) + -+P( a ™-2))(P(''l)+P(fe)+p(fe4) + -+p(6n)) + (p(63) + Q)(p(fe4) + ---+p(bn)) 

•p(&i, b 2 , 64, • • • , &n)p(ai, • • • , a n _ 2 , 63) (c) 

+ • • ■ + (_l)2+^(c)+(p(ai)+-+pK- 2 ))W6 1 )+-+p(6„-i)), p ( 6l) . . . ; &n „ l)p ( ai5 . . . , a n _ 2 , fon )( c ) 

n — 2 n n 

,A . , , A P( E P(«y))( E P(bj))+(p(h)+a)( E P(M) 

i=l 

.p(&i, • • • , 6j, • • • , b n )p(a u ■■■ , a n _ 2 , &i)(c), 
£/ta£ is, ( 12. 3 p holds. 



A special case of the representation is the regular representation a *— y D(a), where 
D(a) = D(ax, • • • , o n _i), D(a)(a n ) = [ai, • • • , o n _i, o n ], a« e A. The subspace kerp = {x G 
A|p(A, • • • , A, x) = 0} is called the kernel of the representation p. It follows from (12. ip 
that kerp < A. If kerp = 0, then the representation p is called faithful. A subset S O A will 
be called homogeneous multiplicatively closed(h.m.c), if for any x, X\, ■ • • , x n G S, A G F, 
we have Ax G S, [x\, ■ ■ ■ , x n ] G S. We denote the linear span of a h.m.c. set S by F(S), it 
is clear that F(S) is equal to the subalgebra generated by the set S. 

Theorem 2.4. Suppose that p is a representation on an n-Lie superalgebra A in a finite- 
dimensional space V, S is a h.m.c. subset of A and the operators p(ai, • • • , a n _i) are 
nilpotent for any 01, • • • , o n _i G S 1 . T/ien i/ie algebra S* generated by these operators is 
nilpotent. In addition, If the representation p is faithful, the algebra F(S) is also nilpotent 
and acts nilpotently on A. 

Proof. Passing to the quotient algebra A/kerp, we may assume with no loss of gen- 
erality that p is faithful. To any subset X C S, we associate the subalgebra X* < A* p 
generated by these operators p(ai, • • • , a„_i),Oj G X. Suppose X is a maximal h.m.c. 
subset of S for which the corresponding algebra X* is nilpotent. Our aim is to prove that 

X = S. 

Suppose (X* p Y = 0. Put C = F(X), C = A, C i+1 = [C, ■ ■ ■ ,C,d} for i > 0. We 
introduce an abbreviated notation for certain subspaces of A* : 

p(A, ■■■,A,Q) = p(A, Ci),p(C, ■ ■ ■ , C, A) = P (C, A),p(C, ■ ■ ■ , C) = p(C), 

etc. We will show by induction on k that for any k > 0, we have 

k 

p(C, C k ) C Y, P\C)p{C, A)p k -\C). (2.4) 

i=0 

In fact, it follows from (12.21) that 



p(C, Cfc+x) = p(C, [C, ■ ■ ■ , C, C k ]) C p(C, C k )p{C) + p(C)p(C, C k ). 



This enables us to complete the inductive passage from k to k + 1 in relation ( 12.41) . which 
is trivial for k = 0. It follows from (12.21) that 

p(A, C k+l ) = p{A, [C, ■ ■ ■ , C, C fc ]) C p(C, C k )p(A, C) + p(C)p(A, C k ). (2.5) 

Again using induction on k and (12.41) . we see that for k > 1 

p(A, C k ) c p fe (C)p(A) + £ p'(C)p(C, A)pi{C)p{A, C). 

i+j=k—l 

Since p s {C) = 0, for k > 2s we obtain p(^4, Cf.) = 0, i.e., C& C kerp, hence C k = 0. This 
means that C acts nilpotently on A by left multiplications, in particular, the algebra C 
is itself nilpotent. 

If S y^ A, it follows easily from the preceding that S\X contains an element b such 

that 

[X,---,X,b]CX. (2.6) 

Then Y = ¥b U X is a h.m.c. subset of S strictly containing X. We will show that the 
algebra Y* is nilpotent, which is contrary to the maximality of X. Any element of p(Y) lies 
either in p(X) or in p(X, b). Suppose U G p(Y) m , m > 0. If in the word U the operators 
in p(X) occur at least s times, in view of (12.11) and (12. 6p . then U can be transformed into 
a sum of words in which the operators in p(X) appear consecutively and the number of 
them is at least s, therefore U = 0. 

On the other hand, if in U the operators in p(X) occur I < s — 1 times, then U has 
the form 6 r ipi[/ 2 p 2 • • • UipiUi + i, where p, G p(X), Ui are products of elements p(X, b), and 
some of the words Ui can be empty. 

Let us view A as an (n — 1)-Lie superalgebra A^, with operation 

[ai, • ■ ■ , a n __i]fc = [oi, • ■ ■ , a n _i, b] 

and V as an A^-module on which there acts the representation p of the algebra A^ : 
p(a>i, • • ■ , a n _ 2 ) = p(a\, ■ • • , a n _ 2 , b). It follows from (I2.6P that A is a h.m.c. set in A b . 
Since the operators in p(X) = p(X, b) are nilpotent, the induction assumption with respect 
to n is applicable to the triple (Af,,X, p) and the algebra X~ is nilpotent, say of index 
t. When n = 2, since the algebra X- is generated by the nilpotent operator p(b), A? is 
nilpotent, which provides the basis for the induction. 

Therefore Ui — 0, i — 1, • • • , / + 1, if the p-length of Ui = is greater than or equal to 
t. Consequently, when m > st all words U G p(Y) m are zero, i.e., (Y*) st = as required. 
This contradiction shows that X = S. The second assertion of the theorem has already 
been proved, since C = F(X) = F(S). □ 

Theorem 2.5. (Engel's Theorem) Suppose A is a finite- dimensional n-Lie superalgebra in 
which all left multiplication operators D(a) are nilpotent, where -D(a) = D(ai, ■ ■ ■ , o n _i), 
ai G A(l < % < n — 1). Then A is nilpotent. 

Proof. Let p be the regular representation and A — V — S. By Theorem 12.41 we 
may obtain A is nilpotent. □ 



3 Nilpotency of n-Lie superalgebras 

Definition 3.1. The Frattini subalgebra, F(A), of A is the intersection of all maximal 
subalgebra of A. The maximal ideal of A contained in F(A) is denoted by 4>(A). 

The following proposition contain analogous results to the corresponding ones for 
n-Lie algebras, their proof is similar to n-Lie algebras (see [2], Proposition 2.1). 

Proposition 3.2. Let A be an n-Lie superalgebra over ¥. Then the following statements 
hold: 

(1) If B is a subalgebra of A such that B + F(A) = A, then B = A; 

(2) If B is a subalgebra of A such that B + <fi{A) = A, then B = A. 

Lemma 3.3. Let A be an n-Lie superalgebra over ¥. Then F(A) C A 2 ; in particular, if 
A is abelian, then F(A) = 0. 

Proof. If A = A 2 = [A, ■ ■ ■ , A], then F{A) C A 2 ; if A ^ A 2 , and F{A) £ A 2 , then 
there exists x G F(A),x ^ A 2 and a subalgebra B of A such that A 2 C B,x ^ B and 
dimi? = dimA — 1. Hence B is a maximal subalgebras of A which does not contain x. 
This contradicts x G F(A). Therefore, F(A) C A 2 . D 

Lemma 3.4. (see [lOj^* Let f be an endomorphism of a finite- dimensional vector su- 
perspace V over F and let x be a polynomial such that x{f) = 0- Then the following 
statements hold: 

(1) If x — Q1Q2 an d Q\i a 2 ore relatively prime, then V decomposes into a direct sum 
of f -invariant subspaces V = U © W such that qi{f)(U) = = q2(f)(W). 

(2) V decomposes into a direct sum of f -invariant subspaces V = Vq ®V\, for which 
f\v is nilpotent and f\y ± is invertible. 

Remark 3.5. Note that, in the case where V is finite dimensional, we may choose x to 
be the characteristic polynomial of f. The decomposition (2) is called the Fitting decompo- 
sition with respect to f. Vq, V\ are referred to as the Fitting -0 and Fitting -1 components 
of V, respectively. 

An n-Lie superalgebra A satisfies condition * if the only subalgebra K of A with the 
property K + A 2 = A is K = A, where A 2 = [A, A, ■ ■ ■ ,A\; an n-Lie superalgebra satisfies 
condition ** if Oj G Aq(D(o,i, ■ ■ ■ ,a„_i)) for some 1 < i < n — 1 for arbitrary a t G A, 
where A (D(ai, • • • , o n _i)) = {x G A\D r (ai, • • • , a n _i)(x) = for some r}. 

Theorem 3.6. Let A be an n-Lie superalgebra over ¥. Then the following statements 
holds: 

(i) If A satisfies condition ** and any maximal subalgebra M of A is a weak ideal of 
A, then A is nilpotent. 

(ii) If A is nilpotent, then every maximal subalgebra M of A is an ideal of A. 



Proof, (i) Assume that A is not nilpotent. Then there exists a non-nilpotent left 
multiplication operator D(ai, • ■ ■ , a n -i)- Put D(a) := D(ai, • • • , a n _i). Since -D(a) is non- 
nilpotent, the Fitting-0 component Ao(D(a)) 7^ A. Let M be a maximal subalgebra of A 
containing Aq(D(o)). Then a« G Ao(.D(a)) C M for some 1 < i < n — lby assumption. 
Since the maximal subalgebra M of A is a weak ideal of A, D(a)(A) C M. Since D(a) is 
an automorphism on the Fitting- 1 component Ai(D(a)), we obtain that A\ = D(a)(Ai) = 
A x n M. Hence A x C M. Then A = A © Ai C M ^ A. This is a contradiction. Thus all 
left multiplication operators are nilpotent. Therefore, by Theorem I2.5[ A is nilpotent. 

(ii) We assume A is nilpotent and M is any maximal subalgebra of A. Then R also 
acts nilpotently on A for all R G D(A), where D(A) is the vector space generated by all 
left multiplications of A. Thus R acts nilpotently on A/M for all R G D(A). Then there 
is a f 7^ G A/M such that -R(f) = for all R G D(A). This means -R(f) G M and hence 
u G A^ A (M), where JV^M) = {x G A| [x, M, A, • • • , A] G M}, but since u 7^ G A/M, we 
have that v is not in M, hence M C Na{M). By the maximality of M, then Na(M) = A, 
i.e, M is an ideal of A. □ 

Corollary 3.7. Let A be an n-Lie algebra over ¥. Then A is nilpotent if and only if every 
maximal subalgebra M of A is a weak ideal of A. 

Remark 3.8. An n-Lie superalgebra with condition ** does exist. For example, Let (A, a) 
be an n-Lie superalgebra with basis {b, c}, A = AqQ) Ai, Aq = ¥c, Aj = ¥b, a — 0, and its 
multiplication is as follow: [b, ■ ■ ■ , b, c] = 0, [b, ■ ■ ■ , b] = c, then b, c G Ao(D(b, ■ ■ ■ , b, c)). 

Definition 3.9. An ideal I of n-Lie superalgebra A is called the Jacobson radical, if I is 
the intersection of all maximal ideals of A, denoted by J (A). 

Proposition 3.10. For any n-Lie superalgebra A, J(A) C A 2 . 



Proof. The proof is similar to that of Lemma 13.31 □ 

Definition 3.11. The ideal I of n-Lie superalgebra A is called k-solvable (2 < k < n) if 
JW = for some r > 0, where J(°) = J, /( s+1 ) = [ / (s) , J (s) , ■ ■ ■ , 7 W , A, ■ ■ ■ , Aj /or some 

s > 0. When A = I, A is called k-solvable n-Lie superalgebra. Clearly, if A is nilpotent, 
then it is k-solvable(k > 2). 

Lemma 3.12. Let A be a k-solvable n-Lie superalgebra{k > 2), then J (A) = A^\ 

Proof. By Proposition l3~T0l J (A) C A {1 \ We merely need verify A (1) C J (A). Let 
I be an ideal of A. As A is A;-solvable, A/J is fc-solvable and does not contain any proper 
ideal of Aj I, hence [A/ 1, • • • , Aj I] = 0, thus A^ C J, by the definition of the Jacobson 
radical, we have A (1) C J(A). Then we get J (A) = A (1) . □ 

Theorem 3.13. Let A be a nilpotent n-Lie superalgebra over ¥. Then F(A) = A^ = 
0(A) = J(A). 



Proof. Since A is nilpotent, by Theorem 13.61 (ii), any maximal subalgebra T is an 
ideal of A, A/T is nilpotent n-Lie superalgebra, and A/T has no proper ideal, thus 
[A/T, ■ ■ ■ ,A/T] = 0, A^ C T, and A^ C F(A). By LemmaE^l F(A) = A^. Since A 
is nilpotent, A is fc-solvable, by Lemma 13.121 J (A) = A^\ Therefore, F(A) = 4>{A) = 
J {A) = A^\ The proof is complete. □ 

Theorem 3.14. Let A be an n-Lie superalgebra over F. Then the following statements 
hold: 

(1) If A satisfies conditions ** and *, then A is nilpotent. 

(2) If A is nilpotent, then the condition * holds in A. 

Proof. (1) Suppose that the condition * holds in A. Let M be any maximal subal- 
gebra of A. Since M + A 2 ^ A, A 2 C M, and M is an ideal in A. It follows from Theorem 
13.61 (i) A is nilpotent. 

(2) Suppose that A is nilpotent. By Theorem 13. 13} we have A 2 = F(A). Then 
K + A 2 = K + F(A) = A implies K = A by Proposition E2J □ 

Corollary 3.15. Let A be an n-Lie algebra over ¥. Then A is nilpotent if and only if the 
condition * holds in A. 

Definition 3.16. A subalgebra T of an n-Lie superalgebra A is called subinvariant if there 
exist subalgebras T\ such that A = Tq D T\ D T2 D • • • D T n _i D T n = T where T\ is an 
ideal in Tj_i for i = 1, 2, • • • ,n. 

An upper chain, C^, of length k consists of subalgebras Uq,Ui,- ■ ■ , U^ in A such that 
Uq = A and each Ui is maximal in C/j_i for % = 1, 2, • • • , k. The subinvariance number of 
Ck, s(Ck), is defined to be the number of Ui 7^ Uq = A which are subinvariant in A; The 
invariance number of Ck, v{Ck), is defined as k — s{Ck) if s{Ck) 7^ 0, and as k otherwise. 
Then the invariance number of A, v(A), is the maximum of v(Ck) for all Ck of A. 

Lemma 3.17. Let A be a nonzero n-Lie superalgebra and V be a maximal subalgebra of 
A. IfV is not an ideal in A, then v(A) > v(V). 

Proof. Suppose C n : V = Vo D V\ D V2 D ■ • • D V n is an upper chain of length n in 
V. Then A D V = V D V\ D V 2 D ■ ■ ■ D V n is an upper chain C n+ i of length n + 1 in V. 
If Vi(l < i < n) is subinvariant in A, then we have 

A = U D U x D U 2 D • • • D U k = V t , 

where U is an ideal in L^_i for i = 1, 2, • • • ,k. We also have 

v = Anv = u r\VDU 1 r\VD---^u k r\V = v i . 

Since f/j is an ideal in £/j_i, C/j fl V an ideal in L^_x fl V and V^ is subinvariant in V. 
Hence, if V^(l < i < n) is subinvariant in A, then it is subinvariant in V. Since V is not 
an ideal in A, s(C n+ x) < s(C n ). If s(C n+ x) > 0, then v{C n+ i) = (n + 1) — s(C n+ i) > 
(n + 1) - s(C n ) > n - s{C n ) = v{C n ). If s(C n+1 ) = 0, then v(C n+1 ) = n + l>n> v{C n ). 
Hence, u (A) > v(V). D 



Theorem 3.18. Let A be an n-Lie superalgebra over ¥. Then the following statements 
hold: 

(1) If A satisfies condition ** and v(A) = v(U) for every proper subalgebra U in A, 
then A is nilpotent. 

(2) If A is nilpotent, then for every proper subalgebra U in A, v(A) = v(U). 

Proof. (1) Suppose dim(A) = n. Let V be any maximal subalgebra of A such that 
v(V) = v(A). Then by Lemma f3.1T|. V is an ideal in A. It follows from Theorem 13. 61 (i) A 
is nilpotent. 

(2) If A is nilpotent, then each subalgebra of A is subinvariant. Hence v(A) = 1. 
Since each subalgebra of A is also nilpotent, v(V) = 1, hence v(A) = v(V). □ 

Corollary 3.19. Let A be an n-Lie algebra over ¥. Then A is nilpotent if and only if and 
v(A) = v(U) for every proper subalgebra U in A. 

Theorem 3.20. Let U be a subinvariant subalgebra of n-Lie superalgebra A and K an 
ideal of U such that K C F(A). IfU/K is nilpotent, then U is nilpotent. 

Proof. We have a chain of subalgebras U — U r < U r -\ < • • • < Uq = A. Let <jj G U(l < 
i < n - 1) and D = D(a 1 , ■■■ , o„_i). Then DU^i C Ui since C/j_i < C/j. Hence D r A C [/. 
But C//.K" is nilpotent, so D s f/ C if for some s. Thus, if dim^) = t, we have D t A C if. 
But A = Imp*) © Ker(D'), so A = K + ^a(-D), where E A (D) = {x G A|D r (x) = 
for some r}. But K C -F(A), so this implies that Ea{D) = A. Thus every I?(o) for all 
Qi(l <i<n — 1) £ U is nilpotent and U is nilpotent by Theorem 12. 51 □ 

Example 3.21. Let (A, a) be an n-Lie superalgebra with basis {b, c}, A = Aq@A\, Aq = 
¥c, Ai = ¥b, a = 0, and its multiplication is as follow: [b, ■ ■ ■ , b, c] = 0, [b, ■ ■ ■ , b] = c, 
then A is nilpotent, however dim(A/A 2 ) = 1. 

The above example shows the definition of S* algebra for an n-Lie superalgebra is 
analogous to the case of Leibniz algebra, thus we give the following definition: 

Definition 3.22. An n-Lie superalgebra A is called an S* algebra if every proper non- 
abelian subalgebra H of A has either dim(H/H 2 ) > 2 or H is nilpotent and generated by 
one element. 

Lemma 3.23. Let A be a non-abelian nilpotent n-Lie superalgebra. Then we have either 
&im.(A/A 2 ) > 2 or A is generated by one element. 

Proof. Since A is nilpotent, by Theorem 13. 13[ one gets A 2 = F(A). It is clear that 
dim(A/A 2 ) ^ since A is nilpotent. If dim(A/A 2 ) = 1, then A is generated by one 
element. Otherwise dim(A/A 2 ) > 2. □ 

Lemma 3.24. Let A be a non-nilpotent n-Lie superalgebra. If all proper subalgebras of 
A are nilpotent, then dim(A/A 2 ) < 1. 
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Proof. Suppose that dim(A/A 2 ) > 2. Then there exist distinct maximal subalgebras 
M and N which contain A 2 . Hence M and N are nilpotent ideals, A = M + N is nilpotent, 
a contradiction. □ 

Theorem 3.25. An n-Lie superalgebra A is an S* algebra if and only if A is nilpotent. 

Proof. If A is nilpotent, then every subalgebra of A is nilpotent, so A is an S* algebra 
by Lemma T3.23I Conversely, suppose that there exists an S* algebra that is not nilpotent. 
Let A be the smallest dimensional one that is not nilpotent. All proper subalgebras of A 
are S* algebras, hence are nilpotent. Thus dim(A/A 2 ) < 1 by Lemma [3.241 Since A is an 
S* algebra, it is generated by one element and is nilpotent, a contradiction. □ 

Theorem 3.26. Let (A, a) be an n-Lie superalgebra and D a derivation of A. For 
xi,---,x n e A, then D k [x x ,--- ,x n ] = Yl a hl-, ln [ Dh ( x i)r ■ ■ ,D in (x n )], where 



*1) j*n 



iiH Hn=k 



Proof. We have induction on k. If k = 1, then 

D[Xi, %ii • • ■ , x n \ 

= (-1)p(°)"[D( Xi ),x 2 , ■ ■ ■ , x n ] + (-1)pP)(p(*0+«) [ Xl; J D(x 2 ), x 3 , • • • , x n ] 

and the base case is satisfied. We now assume that the result holds for k and consider 
k + 1. Then 

D k+1 [ Xl ,---,x n ] 

= D ( E 4ljD^( Xl ),---,D^(x n )}) 

= E «n, ) -,J(- 1 ) P(D)Q [^ 1+1 (^)>--- ,^»(x„)] 

ilH hin=A: 

+ • • • + (_l)PP){p(*l)+"-H»(«»)+a+(<i+-+<n-l)p(r>)}[ I ,<i( a . 1 ) ) . . . ; J D i " + 1 ( Xn )]} 

= E a^l^ 1 ^),---,^^)]. 

The last equality holds is because suppose that the array (ji, ■ • • ,j n ) satisfies ji + ■ ■ ■ + 
j n = k + 1, then there must exist array (ii, • - • , i n ) such that i± + ■ ■ ■ + i n = k and 

TTl G {1, ■ • • , n\ Satisfies %\ = Jl, • ■ ■ , l m — 1 = Jm-l; ^ m + 1 = Jm; l m+l = Jm+1; ' ' ' i^n = Jni 

that is, (ii, • ■ ■ ,« m _i,i m + l,i m+ i, ■ ■ ■ , i n ) = (ji, • • • , jm-i, jm, jm+i, • • • ,j n )- This proves 
the theorem. □ 

Theorem 3.27. Let A be an n-Lie superalgebra over ¥. Suppose that B is an ideal of A 
and C is an ideal of B such that C C B fl F(A). If B/C is nilpotent, then B is nilpotent. 
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Proof. Take any element Xi(l < i < n — 1) of B. By Remark 13.5} A = A + Ai is the 
Fitting decomposition relative to D(x), where D(x) = D(xi, ■ ■ ■ , x n -i) is nilpotent in A Q 
and D(x) is an isomorphism of A\. So At C B. Since 5/C is nilpotent, there exists an 
integer n such that A\ = D n (x)(Ai) C C. Then A = Aq + F(-A). If A is a subalgebra of 
A, by Proposition I3.2[ it implies that A = A . Hence, D(x) is nilpotent for any element 
Xi(l < i < n — 1) G -B. Therefore, -B is nilpotent by virtue of Theorem 12.51 

It remains to show that A is a subalgebra of A. For a?i, • • • , x n G A, then by Theorem 
13.26} we have 

D(z) k [ Xl ,... ,x n ) = Yl a^... !in [D(xr(x 1 ),--- ,D(x)Hxn)). 

»lH \-i n =k 

If Xi, • • • ,x n G Ao, then D(x) fc [xi, • • • ,x n ] = 0, for a sufficiently big integer fc, hence 

[Xl,-- ,X n ] G A . □ 

Corollary 3.28. Let A be an n-Lie superalgebra with B <\ A such that B C F(A), then 
B is nilpotent. In particular, <f)(A) is a nilpotent ideal of A. 

Definition 3.29. A nilpotent n-Lie superalgebra A is said to be of class t, if A t+1 = 
and A 1 ^ 0. We also denote by cl(A) = t. 

Put AN* = [A, ■ ■ ■ , A, JV*] and A j N = [A, ■ ■ ■ , A, A^N 1 } for some j > 1. 

Lemma 3.30. Let A be an n-Lie superalgebra with N < A and A/N 2 be nilpotent. If 
A m+1 C iV 2 for some minimal m, then A u N r C N r+1 for r > where u = (r — l)(n — 
l)(m — 1) +m. 

Proof. We have induction on r. If r = 1, then ^(i-iXn-iX^-iH^jV 1 = A"W c 
A m+1 C A^ 2 and the base case is satisfied. We now assume that the result holds for r and 
consider r + 1. 

Let s = r(n — l)(m — 1) + m and u — (r — l)(n — l)(m — 1) + m. By Theorem 13.261 
we obtain 

A s ^+! = A S [^,AT,A,--- ,A] = J2 [A sl N r ,A S2 N,A S3 A,--- ,A Sn A}. 

Suppose si > m. Then by the induction hypothesis, A Sl N r C A^ r+1 and 

J^ [A Sl iV, A 2 N, A 3 A, ■ • • , A" A] c [iV r+1 , iV, A, • ■ • , A] c N r+2 . 

SlH |-S„ = S 

Suppose si < w. We claim there exists Sk > m. Assume to the contrary that Sj < in 
for all j. We obtain s = (si) + (s 2 + ■ — h s n ) < w + (n — l)(m — 1) = (r — l)(n — l)(m — 
1) + m + (n — l)(m — 1) = r(n — l)(m — 1) +m — s. But this is impossible. Hence there 
exists Sk > m for some fc. As a result A 5 * AT C A^ 2 and using the Filippov-Jacobi identity 
and skew super-symmetry, we obtain 

[A 1 N r , A S2 N, A SS A, ■■■ , A Sk A, ■■■ , A S "A\ 
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= [N r ,N,A,--- 


,A,N 2 ,A,---,A] 


= [N r ,N,A,--- 


,A,A,---,A,N 2 } 


= [N r ,N,A,--- 


,A,A,---,A,[N,---,N}} 


= [[N r ,N,A,-- 


■ ,A,N,],N,--- ,N] + [N,[N r ,N,A 


+ ... + [jv,.. 


-,N,[N r ,N,A,---,A,N,}} 


C [N r+1 ,N,N,- 


■■,N] 


C [N r+ \N,A,- 


■-,A] 


= N r+2 . 





A,N,],N,---,N] 



This proves the lemma. □ 

Theorem 3.31. Let A be an n-Lie superalgebra with N<A. If N t+1 = and (A/N 2 ) m+1 = 
0, then cl(A) <tm + \t{t - l)(m - l)(n - 1). 

Proof. Using LemmaESUl we observe that A m+1 C N 2 , ,4™+(™-i)(™-i) jy 2 cJV 3 ,--, 
A m+(t-i)(n-i)(m-i) N t c jyt+i = q Adding the exponents on the left-hand side, we see that 
A u = 0, where u = tm + ~t(t — l)(m — l)(n — 1) + 1, The proof is complete. □ 

Definition 3.32. Let A be a nonzero n-Lie superalgebra and S be a subset of A such that 
S 12 {0}. The normal closure of S in A, S A , is the smallest ideal in A containing S. 

Theorem 3.33. Let A be a nonzero n-Lie superalgebra over ¥. Then 

(i) If A satisfies condition **, then there exists a nonzero nilpotent subalgebra N in 
A such that N A = A. 

(ii) A is nilpotent if and only if the subalgebra N in (i) is A. 

Proof, (i) If A is nilpotent, then we may take N = A and N A = A A = A. Consider 
the case that A is not nilpotent. We use induction on the dimension of A. A non-nilpotent 
n-Lie superalgebra of lowest dimension is two dimensional, namely, A = Aq © ^i(v4o = 
¥x,Ai = ¥y) with a bilinear skew super-symmetric bracket multiplication [x,x, y] = y 
defined on A. The normal closure of the one dimensional subalgebra Fx is L. Assume that 
the theorem holds for all non-nilpotent n-Lie superalgebras which dimension is less than 
n. Consider the case that A is an n-dimensional non-nilpotent n-Lie superalgebra. Then 
by Theorem l3.6l (i). there exists a maximal subalgebra M in A such that M is not an ideal 
in A. Since the dimension of M is less than n, by our inductive hypothesis there exists 
a nilpotent subalgebra N in M such that N M = M. We claim that N A D M. Since N A 
is an ideal in A, [A, ■ ■ ■ , A, N A ] C N A . In particular, [M, ■ ■ ■ , M, N A ] C N A . Since M is 
a subalgebra, [M, ■ ■ ■ ,M,N A (lM] CiV A nM and N A n M is an ideal in M containing 
N. Since N M is the smallest ideal in M containing N, we have N A D M D N M , i.e., we 
have N A D N A D M D N M = M. Since M is not an ideal of A and N A is an ideal of A, 
N A D M. N A = A follow from M being a maximal subalgebra in A. 

(ii) If A = N and A^ is nilpotent, A is nilpotent. Conversely, suppose {0} ^ N ^ A. 
Then either A^ is a maximal subalgebra of nilpotent n-Lie superalgebra A or A^ is contained 

13 



in a maximal subalgebra M of A. By Theorem 13.61 (ii), every maximal subalgebra in A is 
an ideal, N A C M ^ A. That is a contradiction. Hence N = A. The proof is complete. □ 
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